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' ^ ■ Abstract 

We have shown that the Beltrami Theorem in Riemannian geometry is still true for 
square metrics if the dimension n > 3, namely, an n(> 3)-dimensional square metric 
is locally projectively flat if and only if it is of scalar flag curvature. In this paper, 
we go on with the study of the Beltrami Theorem for a larger class of (a, /3)-metrics 
F — a<f>(/3/a) including square metrics, where cj>(s) is determined by a family of known 
\^ • ODEs satisfied by projectively flat (a, /3)-metrics. For this class, we prove that the 

Beltrami Theorem holds if f3 is closed, and in particular, we prove that /3 must be 
closed for a subclass with <f>(s) being a polynomial of degree two. Further, we obtain 
the local and in part the global classifications to those metrics of scalar flag curvature. 



O 



Keywords: (a, /3)-Metric, Scalar Flag Curvature, Projectively Flat, Closed Manifold 
2010 Mathematics Subject Classification: 53C60, 53B40, 53A20 



1 Introduction 

00 



It is the Hilbert's Fourth Problem to study and classify locally projectively flat metrics. 



in 

I The Beltrami Theorem in Riemannian geometry states that a Riemannian metric is locally 

projectively flat if and only if it is of constant sectional curvature. For Finsler metrics, the 
flag curvature is a natural extension of the sectional curvature in Riemannian geometry, and 
. every two-dimensional Finsler metric must be of scalar flag curvature. It is known that every 

locally projectively flat Finsler metric is of scalar flag curvature. However, the converse is 
not true. For example, Randers metrics of constant flag curvature are not necessarily locally 
projectively flat ([!])■ Therefore, it is a natural problem to study and classify Finsler metrics 
. of scalar flag curvature. This problem is far from being solved for general Finsler metrics. 

Thus we shall investigate some special classes of Finsler metrics. Recent studies on this 
problem are concentrated on Randers metrics and square metrics. 

Randers metrics are among the simplest Finsler metrics in the following form 

F = a + f3, 

where a is a Riemannian metric and j3 is a 1-form satisfying \\/3\\ a < 1. After many math- 
ematician's efforts (p] [HJ-pJ] [IS]), Bao-Robles-Shen finally classify Randers metrics of 
constant flag curvature by using the navigation method ([2]). Further, Shen-Yildirim clas- 
sify Randers metrics of weakly isotropic flag curvature ([E]). There are Randers metrics 
of scalar flag curvature which are neither of weakly isotropic flag curvature nor locally pro- 
jectively flat ([3] Q3]). So far, the problem of classifying Randers metrics of scalar flag 
curvature still remains open. 

Recently, square metrics have been shown to have many special geometric properties. A 
square metric is defined in the following form 

F= {a + 0f 
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where a is a Riemannian metric and f3 is a 1-form with \\/3\\ a < 1- In [17] . Shen-Yildirim 
determine the local structure of all locally projectively flat square metrics of constant flag 
curvature. L. Zhou shows that a square metric of constant flag curvature must be locally 
projectively flat Later on, the present author and Z. Shen further prove that a square 

metric in dimension n > 3 is of scalar flag curvature if and only if it is locally projectively 
flat, and they also classify closed manifolds with a square metric of scalar flag curvature in 
dimension n > 3 (|15j). 

In this paper, we extend the class of square metrics to a larger class which is determined 
by the ODE (TJJ . Then we show the local and global structures of those metrics which are 
of scalar flag curvature in dimension n > 3. 

Now we state our main results as follows. 

Theorem 1.1 Let F — a<f>(/3/a) be an (a, /?)- metric on an n{> 3)- dimensional manifold 
M, where a = yj aij{x)y l yi is Riemannian and j3 = bi{x)y l is a 1-form, and tj>(s) satisfies 
0(0) = 1 and the following ODE 

{1 + (h + k 3 )s 2 + k 2 s A }<p'\s) = (h + k 2 s 2 ){cb(s) - 8<t>'(s)}, (1) 

where ki,k 2 ,k 3 are constant with k 2 ^ k\k^. Assume {3 is closed. Then F is of scalar flag 
curvature if and only if F is locally projectively flat. 

The ODE ([1]) appears in characterizing an (a, /^-metric which is Douglasian or locally 
projectively flat ([5] [13] [20]). The scalar flag curvature K in Theorem [T7T] can be determined 
(see ([211) below). 

If k 2 = kika, then F is of Randers type. We call an (a, /3)-metric F = a<f)(s) of Randers 
type, if cj)(s) = ais + yl + ks 2 for some constants a\,k. A metric of Randers type is 
essentially a Randers metric if k > —1/b 2 . As shown above, it is still an open problem to 
classify Randers metrics of scalar flag curvature. 

When fci = 2, k 2 = 0, k 3 = -3 and 0'(O) = 2, we get F = (a + f3) 2 /a, which is called a 
square metric. In this case, the conclusion in Theorem II .11 is still true without the condition 
that (3 is closed (see [TS], also see Theorem [O] below), and by ([2~^)l below we have 

K = Ji {t A + ^ 2 ( 5 + 4&2 )]« + (f - ( 2 ) 

which is also obtained in [15]. Theorem 11.11 might be also true without the condition that j3 
is closed, but it seems hard to be proved. 

To prove Theorem 11.11 we first characterize the metric F in Theorem 11.11 which are of 
scalar flag curvature in terms of the covariant derivatives b^j and the Riemann curvature W k 
of a (see Theorem l3 . 1 I below) . Then Theorem 11.11 follows directly from Theorem l3.ll We also 
show that the inverse of Theorem 13.11 is true (see Theorem 13.21 below) . Besides, in Section 
[S] below, we use Theorem 13.11 to give the classification for an (a, /3)-metric F = a<f>(j3/a) 
with <fi(s) satisfying ^ which is locally projectively flat with constant flag curvature (see 
Corollary O below) (cf. [6] [21]). 

More important is that, based on Theorem 13. 11 we can use the deformation determined 
by (|60 |) -([63 |) to obtain some rigidity results (see Theorem 11.21 and Theorem II .31 below) . We 
will prove in Section @] that, under the deformation determined by ([50]) (cf. [33] [2"5]1. 
if a and (3 satisfy (f2"U|)- ([23"]) below, then h = is a Riemann metric of constant sectional 
curvature (put as [i) and p is a closed 1-form which is conformal with respect to h^. Put 
hfj, = \/hijy l yi , and the covariant derivatives pi\j of p = piy 1 with respect to satisfy 

Pi\j = -2chij (3) 
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for some scalar function c = c(x) (see ([Ml) below). Let Vc be the gradient of c with respect 
to and then 

'|Vc||2 v+Atc 2, ( M>0 ), (4) 

is a constant (Xemma 16.11 below) . We need c and 6 in the following two theorems. 

Now if we assume the manifold M is compact without boundary, then we have the 
following rigidity theorem based on Theorem 13. II and the deformation (|63[) . 

Theorem 1.2 Let F = a<p(f3/a) be an (a, f3)-metric on an n(> 3) -dimensional compact 
manifold M without boundary, where (j)(s) satisfies (QP with 0(0) = 1 and k 2 7^ k\k^. 

(i) Suppose F is of constant flag curvature and (3 is closed. Assume 

2 + (2fci - a 2 )b 2 > 0, (oi:=^(0)), (5) 

on the whole M if F is essentially a square metric. Then F = a is Riemannian, or F 
is locally Minkowskian. In the latter case, F is flat-parallel (a is flat and (3 is parallel 
with respect to a ). 

(ii) Suppose F is of scalar flag curvature and (3 is closed (or equivalently, F is locally 
projectively flat). Then one of the following cases holds: 

(ha) If fi < for h in then F = a {— h^) is Riemannian. 

(iib) If fi — for h in |3]) 7 then F is flat-parallel. 

(he) If fi > for h in (0), then a and (3 can be written as 

a 2 ^u- 1 ^ -4(fiwy 2 vc 2 ], /3 = 2(/Wr 1 c , (6) 

where c is given by $&\), and Cj := c x i,co := Ciy 1 , and u = u(b 2 ),v = v(b 2 ),w = 
w(b 2 ) are determined properly by i60\) - ^F^) below (for example, by below). 
Further, the scalar flag curvature K satisfies \2J$ below with 

t = -2uw~ 1 c, A = 4w~ 2 u{v - fci(2 + k 2 b 2 )u}c 2 + fiu. (7) 

It seems difficult to evaluate the lower and upper bounds of the K in Theorem ll.2f iic). 
But in a special case for a square metric F = (a + (3) 2 /a, it is shown in [13] that K satisfies 

16 K = (5 2 !!- 1 + fi/4)/! 3 [(1 + s)((5 V 1 + m/4 - c 2 )] ~ 3 , (8) 
(y/4^T^-2J) 3 < K < 

^A6 2 + /i 2 " " fly/ AS 2 + [I 2 



Similarly, Theorem 11.21 might be also true without the condition that j3 is closed. For a 
special case that (b(s) = 1 + ais + es 2 is a polynomial of degree two, we can prove that /? is 
closed, which is shown in the following theorem (we may put e = ±1). 

Theorem 1.3 Let F = a+ai/3/a+eft 2 /a be an (a, /3)-metric on an n-dimensional manifold 
M, where a\ is a constant and e = ±1. 

(i) For n > 3, F is of scalar flag curvature if and only if F is locally projectively flat. In 
this case, t20\) -l[25 \) below hold with k\ = 2e, k 2 = 0, k$ = — 3e. 
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(ii) Let M be compact without boundary. If F is of constant flag curvature, then the 
conclusions in Theorem \1.2\f i) hold for n > 2; and if F is of scalar flag curvature, 
then the conclusions in Theorem \1.2]f ii) hold for n > 3. Further for a suitable choice 
of it, v, w, (0) can be written as 

a = A(j,- 1 (fj,/4 + e5 2 iJ,- 1 - ec 2 )^, f3 = + eS 2 ^ 1 - ec 2 c , (10) 

and K in Theorem \1.2V iic ) has the form 

6^(a 2 - 4e)(l - es 2 ) 2 c 2 + (^ 2 + Ae8 2 ){a 1 es' i + 6es 2 + 3a lS + 2)(1 + a x s + es 2 ) 
128a/- 2 (m/4 + ^ 2 M _1 - ec 2 ) 3 (l + a lS + es 2 ) 4 ' 

(11) 



K = 



For a square metric F = (a + [3) 2 /a, we have a% = 2, e = 1, and then (fTTT) becomes ([8|) 
and K is bounded by ((9]). In other cases, K might not have positive lower bound. 

The metric in Theorem 11.31 can be equivalently considered as a subclass of 0(s) deter- 
mined by ([lj with ki, fea, £3 satisfying certain relation (see Remark 17.61 below) . 

It might be true that j3 is closed for a regular (a, /3)-metric (not of Randers type) of 
scalar flag curvature in dimension n > 3. But it seems hard to be proved. On the other 
hand, if an (a, /3)-metric F is singular with </>(0) = or 0(0) not defined, j3 is generally 
not closed even if F is locally projectively flat or of constant flag curvature (cf. [16] [22] 
[23]). We conjecture that an (a, /3)-metric (regular or singular, and not of Randers type or 
Kropina type) must be locally projectively flat if it is of scalar flag curvature in dimension 
n > 3. 



2 Preliminaries 

In local coordinates, the geodesies of a Finsler metric F = F(x, y) are characterized by 

dr l 



dt 2 v ' dt 

where 

1 



G i ■= ^9 U {[F 2 ] x k y iy k — [F 2 ] x i}. (12) 
For a Finsler metric F, the Riemann curvature i? y = R l k(y)-^r (8 is defined by 

•= 2^ - ^-^L + 2C* ^ - (13) 
dx k dx^dy k dyidy k dyi dy k 

The Ricci curvature is the trace of the Riemann curvature, Ric := R m m . 

A Finsler metric F is said to be projectively flat in U, if there is a local coordinate system 
(U, x l ) such that G l = Py % , where P = P(x, y) is called the projective factor. 

In projective geometry, the Weyl curvature and the Douglas curvature play a very im- 
portant role. We first introduce their definitions. Put 



A\ ■= R\ - R^h R 



R r ' 



n - 

Then the Weyl curvature W\ are defined by 



1 r) A m 

W\:=A\ L —^±y\ (14) 

k k n + 1 dy m 
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The Douglas curvature - k are denned by 



r) 3 1 8(7" 

7-) i _ ( j^ti fim„,^ s~im 



dy h dyidy kK n+1 my n m ' dy m ' 

The Weyl curvature and the Douglas curvature both are projectively invariant. A Finsler 
metric is called a Douglas metric if - k = 0. A Finsler metric is of scalar flag curvature if 
and only if W l k = 0. It is known that a Finsler metric with the dimension n > 3 is locally 
projectively flat if and only if W\ = and Dj jk = ([7]). 

Now for the computation of (a, /3)-metrics, we first show some definitions and conven- 
tions. For a Riemannian a — -J aijy l y 3 and a 1-form j5 = biy 1 , let 

r i] : = \i h i\j + b j\i)' S ij : = \( h i\3 ~ T% 3 != ^fkj, : = a lk S k j, 

Qij • TimS j : ^ij • SimS j : Tj ' • b ^ij : Sj ' • b $ij : 
Qj ■ b Qij , Tj '. — b T%j , tj . — b tij , 

where we define b % :— a lJ bj, (a* 3 ) is the inverse of (a.^), and V/3 = b i \jy l dx : > denotes the 
covariant derivatives of /3 with respect to a. Here are some of our conventions in the whole 
paper. For a general tensor Ty as an example, we define T i0 := T^y 3 and T 00 := Tijy l y 3 , 
etc. We use ay to raise or lower the indices of a tensor. 



An (a, /?)-metric is a Finsler metrics defined by a Riemann metric a = y // ciij(x)y l y 3 and 
a 1-form (3 = bi{x)y % as follows: 

F = a<f>{s), s = /3/a, 

where (f>(s) > is a C°° function on (— b ,b ). It is proved in [12 that an (a, /3)-metric is 
regular if and only if 

<X s )- s </)'( s ) + (& 2 - s 2 )</)"( s ) >o, (M <&<&„). (15) 

In this paper, an (a, /3)-metric is always assumed to be regular. 

Let F — a<j)(s),s = (3 /a, be an (a, /3)-metric, and then by (fT2"j) . the spray coefficients G* 
of F 1 are given by 

G l = G l a + aQsl + a- 1 6(-2aQs + r 00 )y l + ^{-2aQs + r m )b\ (16) 

where G l a denote the spray coefficents of a and 

<t>' Q- sQ' Q' ,99,, 

Q:=^, ^=T' A := 1 + sQ + (6 2 - s 2 )Q . 

For a general (a, /3)-metric F = acj)(s),s — P/a 1 we can use Maple programs, by aid 
of (TT()|) . (fT3")) and (JUJ), to compute its Riemann curvature R l k , Ricci curvature Ric and 
Weyl curvature W % k . But these expressions are too complicated. One can see the very 
long expressions of the Rimann curvature and Ricci curvature in [3]. So for the briefness in 
this paper, we won't write out the expression of the Weyl curvature for the (a, /3)-metrics 
discussed in our paper. 

We can show some details in the computation of the Weyl curvature W % k for an (a, 0)- 
metric F = a<p(s), s = /3/a. The spray G l of F can be written in the form 

G l = G l + Py l + Q l = & + Py\ & := G l a + Q\ 
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where 

P := oT l ®{-2aQs + r 00 ), Q l ■= aQs^ + *(-2aQs + r m )b\ 

G % define a spray G which is projectively equivaent to the spray G of F. The Weyl curvature 
of G is defined in the same way. Q z also define a tensor Q. Since the Weyl curvature is 
projectively invariant, we have W\ = W k , and then we can change to the computation of 
W k for G. First we have 

R l k = R l j, + H % k, R — R + ff, 

where 

//"• 

iP fe := 2Q' |fc - Q'^y + 2Q'QV fc - Q?^, if := — ^. (17) 
where Q 1 ^ are the covariant derivatives of Q with respect to the spray G a of a. We have 

A\ = R\ - R81 = A\ + H\ - HSl 

Thus we get 

„ i f)A m 

w\ = wi = a\ - —^y* = w\ + e\, 

Q\ := (H\ HSl) ^7^(^ - H W- 

As seen from above, we can use (fTT)) and (TT5)) to compute the Weyl curvature W l k . In 
our final result, we are mainly concerned about the computation of the following terms 

Ti j ; T%2 1 k s Qij : Hj 3 ^ij • 

We show some ideas in dealing with the equation W\ = 0. We first multiply W\ — 
by some suitable term and then it can be written in the following form 

fo(s) + fi(s)a + f 2 (s)a 2 + ■■■ + f m (s)a m = 0, (19) 

where /i(s)'s are polynomials of s with coefficients being homogenous polynomials in (y l ). 
The key point is to choose some suitable polynomials in s to divide our equations, and then 
get some answers by isolating rational and irrational terms. 



where 



3 Scalar Flag Curvature 

In this section, we study the properties of some class of (a, /3)-metrics which are of scalar 
flag curvature. We have the following two Theorems. 

Theorem 3.1 Let F = a</>(/3/a) be an (a, fi) -metric on an n{> 3)- dimensional manifold 
M, where a = aij(x)y l yi is Riemannian and j3 = bi(x)y l is a 1-form, and <p(s) satisfies 
(QP with 0(0) = 1 and k 2 ^ kiks. Assume /3 is closed. Then F is of scalar flag curvature 
if and only if the Riemann curvature R l k of a and the covariant derivatives frjij of f3 with 
respect to a satisfy the following equations 

b lVj = r{(I + fc 1 6 2 )a y +(fc 2 6 2 + fc 3 )6 4 6,}, (b 2 := \\l3\\i), (20) 
R\ = X^Sl-tfy^+v^Sl + ofVbk-pVyk-pbuy 1 ), (21) 
T x i = qb z , (22) 
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where A = X(x),t = t(x) are scalar junctions on M and rj,q are defined by 

n := {kl + k 2 ~2k l k 3 -k l {k 2 ~kl)b 2 }T 2 + k l \ 1 q := (k 3 - 2fcj - k 2 b 2 )r 2 - A. (23) 
In this case, F is locally projectively flat, and the scalar flag curvature K is given by 

32<j> 2 K = /0'0- 1 {[24/0-V + (3-3/ + /is 2 ) 2 s- 3 6 2 -16/is]t 2 + 16As} 

+ [8{2ghs 2 + 12 / - 3g 2 ) - g(3 + hs 2 - 3/) 2 s~ 2 6 2 ] s~ 2 t 2 - 16A.g, (24) 

where f,g, h are defined by 

f := 1 + (hi + k 3 )s 2 + k 2 s A , g := k 2 s 4 - k x s 2 - 2, h := 3k 2 s 2 - k x + 3fc 3 . (25) 

If t = in (|20p. we have /3 = Q and a is of constant sectional curvature, or j3 ^ and a 
is flat (A = rj = r = q = 0). Further, A and r in (|2(])) - (|2"!2)) can also be determined (see 
and (|80p below). The inverse of Theorem 13. II is also true, which is shown as follows. 

Theorem 3.2 Let F = a<j){P/a) be an (a, j3) -metric on an n(> 3) -dimensional manifold 
M , where a = \/aij(x)y 1 y : > is Riemannian and /3 — bi{x)y % is a 1-form, and (f)(0) = 1. 
Assume F is not of Randers type, f3 is not parallel with respect to a. Then 4>(s) must satisfy 
provided that F is of scalar flag curvature and H20\) ~ ^23\) hold with k 2 ^ kik 3 . 

3.1 Proof of Theorem [37T1 

We will deal with the equation W\ = step by step. By the method described in Section[2] 
we get a formula for W l k which is expressed in terms of the covariant derivatives of (3 with 
respect to a and the Riemann curvature of a. 

Since F in Theorem 13. H is regular, we have the following lemma. 

Lemma 3.3 Let F — a<t>(/3/a) be an (a, f3) -metric, where <j>(s) is given by {!]). Then we 
have 

1 + k x b 2 > 0, 1 + (fci + k 3 )b 2 + k 2 b A > 0. 

Since /? is assumed to be closed, we have Sy = 0,qij = 0,iy = 0. Plugging them into 
W\ and multiplying W\ — by 

4(n 2 -l)[0~ S 0' + (6 2 - S 2 )</)"] 5 a 4 

and we get an equation denoted by Eq = 0. By (J]) we can get <j>W (2 < i < 5) expressed 
by <fr, (f>' . Plug them into Eqo = and then multiply Eqo = by 

[l + (fc 1 + fc 3 )s 2 + fc 2 s 4 ] 5 . 

By this way, we have 

4(0 - sfifEqt = 0. 
It is surprising that Eqi is independent of (j> and by Eqi = we have 

= 2A(n~2)(k 2 -k 1 k 3 )^a 2 b k ~f3y k )y i p 3 [a 4 + (k 1 + k 3 )a 2 f3 2 + k 2 f3 4 ] 2 r 2 Q 

+C l k [(1 + fci6 2 )a 2 + (k 2 b 2 + k 3 )(3 2 } , (26) 

where C\ are homogeneous polynomials in (y 1 ). 
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Lemma 3.4 (1 + kib 2 )a 2 + (k 2 b 2 + k 3 )(3 2 cannot be divided by a 2 b k — Pyk for all k. 
Proof : Otherwise, for some scalar functions fk = fkix) we have 
a 2 b k - /3y k = f k [(1 + hb 2 )a 2 + (k 2 b 2 + k 3 )/3 2 ] . 

Then wc have 

b 2 a 2 - /3 2 = /[(l + hb 2 )a 2 + (k 2 b 2 + k 3 )f3 2 ] , f := b k f k , 

which implies 1 + kib 2 + (k 2 b 2 + k 3 )b 2 = 0. This is a contradiction by Lemma \'3. 31 Q.E.D. 

Lemma 3.5 (1 + k\b 2 )o? + (k 2 b 2 + k 3 )/3 2 cannot be divided by a 4 + (fci + k 3 )a 2 (3 2 + k 2 f3 4 , 
provided that k 2 =/= k\k 3 . 

Proof : We can prove it in two cases: k 2 b 2 + k 3 — and k 2 b 2 + k 3 ^ 0. We need Lemma 
E3]and the fact k 2 ^ kik 3 . Q.E.D. 

By (|26|) . Lemma [3.41 and Lemma [3.51 we have ([20]) for some scalar function r = t{x). 
Then by (|20|) we can obtain the expressions of the following quantities: 

nro, n, r™, r, r 00 | , r | , r 00 | fc , r fc0 | m , r k \ , etc. 

For example, we have 

T-oio = [1 + {h + h)b 2 + k 2 b 4 ] { [(1 + hb 2 )a 2 + (2fci + 3fc 3 + bk 2 b 2 )p 2 } t 2 + r /?} . 

Now plug all the above quantities into (p?o) and then we can get the Weyl curvature Wik ■— 
QimW™ °f a - We will discuss it under two cases. 

Case I: Assume fci =^ 0. We have 

W lk = -b uj m (a a ik - yiyk) : pa ik 

n — 1 n — 1 

+ ^-{ fcl+ , fc f 2 [(2n - 1)^ - (n - 2)u, &fc] - k 2 b m ui m f3b k } yi 
+Lj Q b l {k 1 y k + k 2 f3b k ) - (k ia 2 + k 2 (3 2 )b,uj k , (27) 
where r, := t x » and 

cJ i :=T i +(ki + k 3 +k 2 b 2 --£jT 2 b i . (28) 
Lemma 3.6 (Fty ^=^> \2J§ and where q is defined by 



q:=-^-(k 1 + k 3 + k 2 b 2 -^y. (29) 

Proof : : By the definition of the Weyl curvature Wik of a we have 

Wik = Rik — -Ric ao a ik H l —Ric k aVi, (30) 

n — 1 71—1 

where := ai m R"l and Rici k denote the Ricci tensor of a. Using the fact Rik = R k i we 
get from ([30]) 

Wik ~ Wki = - (RickoVi - Ric i0 y k ) . (31) 

71—1 



By ([77]) we can get another expression of Wik — Wki ■ Thus by ([27)1 and ([3"Tj) we have 

T l2 / fe - T kVl + (n 2 - l){k ia 2 + k^Kcj.bk - uikbi) = 0, (32) 

where we define 

Ti : = (n + l)Ric i0 - (2n - l)(fci + fc 2 6 2 )/3^ 

+ {[(n 2 + n - 3)fci + (n - 2)fc 2 6 2 ]o; + (n + f )/c 2 6 m w m /3}6 l . 

Contracting (H?2"j) by we get 

[Ti + {n 2 - - uob^a 2 - T oVi + {n 2 - f)A: 2 /3 2 (^/3 - u Q h) = 0. (33) 

Contracting (f33|) by 6* we obtain 

[6 m T m + (n 2 - f)fc 1 (6 m Wm /3 - b 2 Lo )]a 2 + [(n 2 - l)k 2 (3(b m uj m l3 - b 2 u Q ) - T o ]0 = 0. (34) 
So by (|34[) there is some scalar function fj = fj(x) such that 

T = (n 2 - l)k 2 p{b m uj m p - b 2 uj ) + {n + l)f)a 2 . (35) 
Then by the definition of Tj and ([55]) we have 

Ricoo = fja 2 -(n-2)[(k 1 +k 2 b 2 )Lu -k 2 b m u m f3]f3, (36) 
ffiQo = ffrn - (n - 2){ kl + ^ 2b + h^o) ~ k 2 b m u} m pbi}. (37) 
Now plugging (|36|) and (|37l) into (|33|) yields 

2(n + 1)^/3 + Bia 2 = 0, (38) 

where Ai and Bi are defined by 
Ai : = (b 2 uj - b m uj m /3)y % + /3 2 uj t - /3u bi, 

Bi : = k 2 {[2(n + l)b m Lu m p - (n - 2)6 2 w ]6 l - (n + 4)6 2 /3ca t } + (n - 2)fc 1 (/3u; i - woftj). 
If fc 2 = 0, then by (f3"5|) we have 

- w 6 l = 0. (39) 

If k 2 ^ 0, then by ([38) we have 

Ai = f t a 2 , (40) 
where /j = /i(x) are scalar functions. Contracting (I4U1) by y % we get 

/< = b 2 ^ - b m uj m b t (41) 

Plugging (go} and (gT|) into {35J gives 

(n - 2)(Ai + k 2 b 2 ){(iLo t - w<A)a 2 = 0. (42) 

If t = 0, we can naturally find A, 17, g such that (l20]) - (f22"j) hold. So we may assume t ^ 0, 
and then by ([1]), we have b 2 ^ constant. So by (|42|) we also get (|39|) . Thus it follows from 
([39]) that 

= ebi, (43) 
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for some scalar function e = e(x). Now plugging ([57]) and (|4*3"j) into ([27]) and (f50"f wc 
obtain 

E ifc = A(a 2 a 4fc - + v{P 2a ik + Q 1 b l b k - fihy k - /3bkVi), (44) 

where we define 

heb 2 + fj 

A := — -, n:=-kie. (45 

n — 1 

Clearly, (jHJ) is just flST}. It follows from ([28]), g3]) and (gSJ that 

^ = qbt = { - j- - (fei + fc 3 + k 2 b 2 - ^)^ 2 }^, (46) 

which implies (l22t with g given by (|29|) . 

<^= : We verify that both sides of (|27|) are equal. By (l2lT) we have (l36t and ("37j. Since 
(|30|) naturally holds, we plug (|36|) . (|37|) and (f2Tj) into ([30]) and then we obtain the left side 
of J27J. By (j221) an d & we get 

«< = eh =-^- (47) 



from (|28|) . Then plugging (j47| into the right side of (|27j) we obtain the result equal to the 
left side of (H7J). Q.E.D. 

Now we show that the metric F in Theorem l3.1l is locally projectively flat if F is of scalar 
flag curvature with /? being closed and the dimension n > 3. First, we have the vanishing 
Weyl curvature W\ = since F is of scalar flag curvature. Second, by (f20|) F is a Douglas 
metric ([5]). Therefore it follows from the result in [7J that F is locally projectively flat. 

In the final we compute the scalar flag curvature and prove that rj, q are given by (|23j) . 
As shown above, we have (|20|) -(f22 |) since F is of scalar flag curvature. Plug (JT]) and ([20]) 
(|2"2"j) into the Riemann curvature of F, where q is defined by (|2"9"j) . and then a direct 
computation gives 

„ . , , <b'(sF„k — (t>b k ) 

[r? - {fc 2 + k 2 - 2hk 3 - fci(fc 2 - k 2 )b 2 }r 2 - fciA]F/, (48) 

where the expression of K — K(x,y) is omitted. Since F is of scalar flag curvature and 
n > 3, by ((4*5)) we must have 

77 - {Jb? + fc 2 - 2fcifc 3 - fc x (A; 2 - fc 2 )6 2 }r 2 - ki\ = 0. (49) 

Thus we get rj given by (f23|) . Plug 77 given by (|23|) into K, and then we obtain the scalar 
flag curvature K = K given by (|24|) . By (|29|) and 77 in (f23|) . we get g given by (|23|) . 

Case II: Assume k\ = 0. Then fc 2 7^ 0. We have 

Wifc (T 2 +b m T m )(3 2 ~b 2 ((3r +T 2 a 2 ) x 2 2 

- d ifc + (r fc - ^T fe )/36 l + t (a 6 fc - /Jj/kJOj 



fe 2 n — 1 

[(2n - 1)07* - (n - 2)r 6 fe ] b 2 + (n + 1) [b 2 r 2 y k - (r 2 + b m r m )f3b k ] 



Vi- (50) 



Lemma 3.7 A50\) &21\) and H2S\), where q — q{x) is some scalar function and r\ = fc 2 r 2 
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Proof : We only show the final results of the necessity. Assume ([50)) . By a similar steps 
as in Lemma 13.61 we have 



n = qbi, (51) 
R tk = \{a 2 a lk - y l y k ) + k 2 T 2 (f3 2 a. lk + uH.^ - /3biy k - PbuVi), (52) 

where q = q(x) 7 X — X(x) are scalar functions. By ([521 . r] in (|2"Tj) is given by -q — k 2 r 2 , which 
is equal to the rj in (g31) with k x = 0. Q.E.D. 

Now we compute the Riemann curvature R l k of F in this case and prove that 77 are given 
by ([23) with k x = 0. By (JTJ and ([20 |) -([22 ]l with i] = k 2 r 2 , a direct computation gives 



/?',, : KF^l F V'/y ) - ^^ > _ff (A + >y-A-:,r a )F / /. (M) 



where the expression of if = K(x,y) is omitted. Since F is of scalar flag curvature and 
n > 3, by (f53[) we must have 

A + q - k 3 r 2 = 0. (54) 
Thus we get q given by ([23]) with fci = 0. 

3.2 Proof of Theorem Q 

We will show that 0(s) mus t satisfy Q by W' fc = if ([20 |) -([23 | hold with k 2 ^ kik 3 , t ^ 
and </>(s) ^ a%s + Vl+Tcs 2 for any constants 01, fc. 

To determine by W l k = 0, we need to choose a special coordinate system at a point on 
M as that in [12]. At a fixed point x , make a change of coordinates: (s, y" 4 ) h-> (y 1 , y A ) by 

v 1 = ; s a, y A = y A , 

V6 2 - s 2 



where a = \/Y^A=2(y A ) 2 ■ Then 



6 " R bS ~ 

: a, p = — q 

> ' ' /To o 



by 



V6 2 - s 2 V6 2 

Using ([3H|) . plug ([2"U)) -([2"3" 1) into the Weyl curvature W\ of F, and then multiplying them 



4(n 2 -l)a i [(j)-s(f) / + (b 2 ~ 



s 2 )d>"] 



we get a family of ODEs about (p. Here we only consider W A B — 0. Under the above 
coordinate system (s, y A ), W A B = can be written in the form 

(n + l)6 2 a 2 [4> - s4>' + (b 2 - s V] Y x b AB + Y 2 y A y B = 0, 

where Yi,Y 2 are two ODEs about <f> independent of (yA)- Since n > 3, we have Y\ = 0, 5*2 = 
0. We only need to consider Yi = 0, which is a regular ODE of order four with the leading 
term 

2r 2 [1 + hb 2 + (ha + k 2 b 2 )s 2 ] 3 (0 - S( f>') 2 [(f> - scj) 1 + (b 2 - s V] ^ . 
Plug the Taylor expansion 

6 

(j) = l +y^a i s i + o(s 6 ) 
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into Y\ = 0, and let pt be the coefficients of s 1 in Y\. By po = we have 

/r 2 + 4A(1 + 2a 2 o 2 ) 3 (2a 2 - fc x ) = 0, (55) 
where we omit the expression of / = /(#). 
Case I: Assume a 2 = fci/2. By (|55|) we have 

(3fc| + 2fc 2 fc 3 - 2k x k 2 + 24a 4 fci - 54a 2 )o 2 + 3fc 2 - 2fc 2 + 2k x k 3 + 24a 4 = 0. (56) 

By (JTJ) with t ^ we have b 2 7^ constant. So by (|56|) . we easily get 03 = 0. Since the <fi 
determined by ([1]) satisfies 

0(0) = 1, Ao) = fci, <T(o) = o, 

|T]) is the unique solution to Y± — by the uniqueness of solution for regular ODEs. 

Case II: Assume a 2 7^ ki/2. Solving A from (T53|) and plugging it into Y\ — we get a 
regular ODE denoted by Y3 = 0. We will show that this case will not occur. 

Solving A from (|55[) and plugging it into p\ = 0, using b 7^ constant we obtain 

_ a 3 (62a 2 — 36fcia 2 + 8fc 3 a 2 — 12a 4 — 5fcifc 3 + k\ + fc 2 ) , . 

flS " 20(fc!-2a 2 ) ' (57) 

and a 3 — or 



9a 2 a 2 a 2 (/c3 — fc 4 ) fci(fci — 7/C3) fc 



° 4 " 44(2a 2 - fci) " Y + 66 + 132 + 22" (58) 

Case 11(1): Assume a 3 = 0. Solving A from and plugging it into p 2 = 0, using 
b 7^ constant and a 2 7^ fci/2 we obtain from 03 = and (|57[) 

a\ a 2 fc 3 + 3a? + lla 2 a 4 + 2a 4 fc 3 , r „ s 
a 4 = — -, a 6 = . (59) 

In this case, we can verify that 



4>(s) = a%s + yl + 2a 2 s 2 

is the unique solution of I3 = 0. This contradicts with our assumption on (j). 

Case 11(2): Assume a 3 7^ 0. Solving A from (|55|) and plugging it into p\ — 0, by ([57 
and ([58)) we obtain 

2 (fci - 2a 2 )(2a 2 fc 3 - 2a 2 fci + k\ + 8fc 2 - 9fcifc 3 ) 
s, = 



189 

and fci = fc3 or 

_k\ - llfcifc 3 + 10fc 2 
a2 ~ 2(fc 3 -fci) ' 

In both cases, we will immediately show that fc 2 = fcifc3, which is a contradiction with our 
assumption. Q.E.D. 
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4 Deformations on (a, /3)-metrics 

In Theorem 13. 11 (l2T)l) - (j2"3"]) are necessary and sufficient conditions for an n(> 3)-dimcnsional 
(a, /3)-metric which is not of Randers type satisfying ((1} to be locally projectively flat. In 
[13], Shen gives another characterization, and then in [24] [25 , Yu finds a deformation to 
obtain the local structure based on Shell's result. In this section, we will give the local 
structure using (f2"0]) -(f2"3" ]) by a similar deformation. 

Let u = u(t), v = v(t), w = w(t) satisfy the following ODEs: 

V ~ klU (60) 



l + (fc 1 + fc 3 )< + fc 2 i 2 ' 
u{k2U — k 3 v — 2fav) + 2v 2 



u 



[I + (fa + k 3 )t + k 2 t 2 } 



(61) 



, w{3v - k 3 u - 2kiu) 

2u[l + {fa + k 3 )t + k 2 t 2 ] ■ [ } 

Let a and (3 satisfy (|2T)]) - (|2"3"1) . and define a new Riemann metric h — y/h i j(x)y l yi and a 
new 1-form p = pi(x)y t by 

h := \J ua 2 + v/3 2 , p := w/3, (63) 

where u = u{b 2 ) ^ 0, v — v(b 2 ),w — w(b 2 ) ^ which are determined by (|BU|) - (l52l . We will 
show in the following that h is of constant sectional curvature and p is a closed 1-form which 
is conformal with respect to h. 
Put 

P ■= \\p\\h- 

We have 

9 w 2 b 2 

p = — na ■ ( 64 ) 

u + vo 

By ([20]) . a direct computation shows that the sprays G\ of h and C a of a satisfy 

G\ = Gi + r{\{faa 2 + k 2 f)V - ^^ j, (65) 
By ([20]) and (|65]l we can directly get 

WT 

Pi\j = — h ij (= -ZcKj), (66) 

where the covariant derivatives are taken with respect to h, and the scalar function c = c(x) 
can be determined (see below). Now (|55]l implies that p is a closed conformal 1-form 
with respect to h. 

By dB5j) and using flU])-©, we obtain 

5l Xu + (kfub 2 + 2fau - v)t 2 2 4 

where are the Riemann curvatures of ft- and y/. := h^ m y m . It follows from ([5T]) that /i 
is of constant sectional curvature. We put it as p, and then we obtain 

fau(2 + fab 2 ) - v 2 
A = pu t . (68) 
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In some local coordinate system we may put h = hn in the form 



_ y/(l + vL\x\*)\y\*-VL(x,yy< 



and then by (|66[) and (|69p we obtain the 1-form p = piy 1 given by 

ft= (fc-Ma,^ + (l + MNV > p « = ^ + »(fe B * + a'). (70) 
(1 + jU]a;| 2 )2 

where fc is a constant and a = (a 1 ) is a constant vector, and p, = hi m p m . By (fTUj) we have 

2 _ II 1 12 | |2 | k 2 \x\ 2 + 2k (a, x) — fj,(a, x) 2 

P — WPWh — \ a \ i T+Tijxp ' 

If we choose a triple (u, v, w) determined by (l60l) - ([62|) . then by the above discussion, we 
can obtain the local expressions of a and j3 by (|63|) . 



Remark 4.1 We can /iave different suitable choices of u,v,w satisfying i60\) ~ t62]) . For a 
square metric F = (a + f3) 2 /a, the triple (u,v,w) can be chosen as (\13j) 



u = (l-b 2 ) 2 , v = 0, w = \J\-b 2 . 
For the general case in Theorem \3.1[ we may choose the triple (u,v,w) as ('241 [25]) 



u = e 



•2cr 



v = (h + k 3 + k 2 b 2 )u, w = y/1 + (fci + k 3 )b 2 + k 2 b 4 e a , (72) 



where a is defined by 



-° : = / 71 — 2 ~!~ , 3 ; — ndt. 

/o 1 + (fci + k 3 )t + k 2 t 2 



5 Constant flag curvature 

In this section, we consider the classification in Theorem 13.11 when F is of constant flag 
curvature. The following corollary has been proved in [6] |21j in a different way. 

Corollary 5.1 Let F = a<fi(/3/a) be an {a, (3) -metric on an n{> 2) -dimensional manifold 
M, where <f>(s) satisfies fJJ) with <fi(0) — 1 and k 2 ^ fcifc3- Suppose F is locally projectively 
flat with constant flag curvature K and ft is not parallel with respect to a. Then F must be 
in the following form 

p= (Va 2 + k(3 2 +el3) 2 ^ 
^Ja 2 + k(3 2 

where k and e ^ are constant. In this case, we have K = and k = k\ — </>'(0) 2 /2. 

Proof : We can use Theorem [371] to prove it in case of n > 3, and for the case n = 2, see 
[2Tj . Since F is of constant flag curvature, K given by (|2"4")l is a constant. Put 

oo 

4>(s) = 1 + ais + <2js\ 
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Then by ([T]), we can express all cij's (i > 2) in terms of fcx, fc2, fc 3 - Multiply (j2"4"]l by </> 2 and 
we get an equation. Let pi be the coefficients of s\ Firstly, by po = 0, we get 

K = \+(klb 2 + k l + \a\)r 2 . (74) 



We show ai ^ 0. If a\ = 0, then plugging a\ — and ([74|) into p 2 — yields 

12r 2 (fc 2 - feifc 3 ) = 0. 

Since fc 2 ^ fcxfc 3 , we get T = 0on the whole M. Thus by ([20|). /3 is parallel with respect to 
a. So a\ 7^ 0. Now substitute (fT4"f into pi = and then using «i ^ wc obtain 

\ = -{k\b 2 + k 3 + 2al)T 2 . (75) 

Next plugging ([74)) and (|75|) into p 3 = and using ai ^ and T^Owe get 

k 2 = -af + l(h - k 3 )aj + \{k x kz + 2k\ + 2fc 2 ). (76) 
5 5 



Then similarly, by (|74|) - ([76)) and p4 — we have 



j 7 2 i 5 2 j 10 o 

fc 3 = fci - Ox, fcx - -ki + y a i- 



If 



fc 3 = -fcx + -77a 2 , 



10 
~3 

then plugging (f7^j) ~([75 |i and k 3 into p 5 = yields 



It can be easily verify that if 



, j 2 t t 10 9 n j ^2 13 2 

fc 3 = fcx - ax, or fc 3 = -fcx + -yax and fci = ^ a i' "-g" !' 



then we have fc 2 — k\k 3 . Therefore, we have 



fcx - ^a 2 , or k 3 = -fcx + ySj and fcx = 7£ a l- ( 77 ) 



The second case in (1771) is a special case of the first case in (|77l). So by (f76|) and ([77]) . we 
have 

3 5 5 
fc 2 = -ax - -kia\ + fc 2 , fc 3 = fcx - -a\. (78) 

Now by (JTIJ), ([73]) and (|7Bj! we get if = 0. Plug (JTHJ) into (J) and solving the ODE we 
obtain (f73|) with 

fc:=fci-a^/2, e:=ax/2. 

6 Proof of Theorem 11.21 

To prove Theorem II .21 we need the following lemma. 
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Lemma 6.1 (1151) Let a = W aijy l yi be an n- dimensional Riemannian metric of constant 
sectional curvature [i and (3 — biy 1 is a 1-form on M . If /3 satisfies 

nj = -2caij, (79) 

where c — c(x) is a scalar function on M , then the quantity 

|Vc|* +/ic 2 

is a constant in case ofn>3, where Vc is the gradient of c with respect to a. Ifn>2 and 
M is compact without boundary, then c = if fj, < and c = constant if [i = 0. 



Proof of Theorem II. : 

Case I: In case of n > 3, suppose F is of constant flag curvature and j3 is closed. Then F 
is locally projectively flat with constant flag curvature by Theorem ll.il 

If r = in (PO)) on the whole M, then j3 is parallel and a is of constant sectional curvature 
on M. So if a is flat, then F is flat-parallel; if a is of non-zero sectional curvature, then 
f3 = on M and so F — a is Riemannian. 

If r 7^ at a point on M, then by the proof in Corollary 15.11 we have ai := 4>'(0) ^ 0, 
and 

, (VT+k^ + es) 2 

0(s) = vm? ' 

and then F is given by ((731). If © holds, then ^/a 2 + kfi 2 is a (positive definite) Riemann 
metric. So F in (|73[) is a square metric which can be written as 

~\2 



F 



It has been proven in [15] that a square metric is Riemannian or flat-parallel if it is of 
constant flag curvature on a closed manifold. 

Case II: In case of n > 3, suppose F is of scalar flag curvature and j3 is closed (or equiva- 
lently, F is locally projectively flat). 

Under the deformation (j63| . where u = u(b 2 ),v — v(b 2 ),w = w(b 2 ) satisfy the ODE 
(|6"0|) - (f6"!?]) . we have proved that h is of constant sectional curvature /x and p satisfies (166p for 
some c = c(x) and then ([3]) holds. 

Let h take the local form (|69|) . Now c in ((66)) can be expressed as 



where fc, a are the same as that in ([70]) and (|7T|). 

Case IIA: Assume /i < 0. We have c = by Lemma IQ1 By we have A: = 0, a = 0. 
Then by (|70[) we get p = 0. Thus (|53^1 shows /3 = 0. Therefore, F = a is Riemannian in this 
case. 

Case IIB: Assume [i — 0. We have c = — fe/2 = constant. We will show that fc = 0. 
Assume k =^ 0. Since a, /3 are defined on the whole M, (|63|) defines a Riemann metric /i 
and a 1-form p on M for a suitable choice of u, v, w. For example, we may choose u, v, w as 
in (|72|) here. Therefore, the scalar function ||p|| 2 is defined on the whole M. Then by (f7T|) 
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and p = 0, the scalar function / := ||p||^ is globally defined on M, and / can be locally 
expressed as 

/ = fc 2 |.T| 2 + 2fc(a,a;) + |a| 2 . 



f\i\j — fx i x : > — 2& 5ij — 2/c hij , 



Since p = 0, we have 

where the covariant derivatives are taken with respect to h. By the above we have 

Af = 2k 2 n, 

where A is the Laplacian of h. Integrating the above on M yields 

0=/ AfdV h =[ 2k 2 n dV h = 2k 2 nVol h {M). 

Obviously it is a contradiction since k ^ 0. So we have k — 0. Then by (fTTj) we have 
P 2 = I HI/1 is a constant on M, and thus by we have b 2 — constant on M. Now by 
we get 

a 2 = i^_ JL p2j ^ = I p (gl) 

M UW W 



Thus (|8T|) shows that a is flat and /3 is parallel with respect to a, since locally a and (3 are 
independent of a; £ M, which follows from the fact that u = u(b 2 ),v = v(b 2 ),w = w(b 2 ) are 
constant and locally h = \y\ and p = (a,y). 

Case IIC: Assume /i > 0. By (I7D|) and (f5U|) . we can easily rewrite p = Po as 

p = - c 0) (82) 
M 

where q := c^^co := Ciy % '■ Now by (I5T1) and we easily get ©. Finally, it follows from 

p)|) and then from (gHllthat r and A are given by ©. Q.E.D. 



7 Proof of Theorem 11.31 

In this section, we will prove Theorem 11.31 In the following discussion, we assume e = 1. 
The case e = — 1 is similar. 

Note that (O naturally holds if F = a + ai/3/a + eft 2 /a is a square metric since in this 
case we have a± = ±2, e = 1, k\ = 2. Then the conclusion in Theorem 11.3( 11) follows from 
Theorem ll^f i) when F is of constant flag curvature for n > 3. In fact, when F is of constant 
flag curvature for n > 2, Theorem II .3( ii) follows directly from [15] if F is a square metric, 
and form [4] if F is not a square metric. 

Since <j>(s) = 1 + a%s+ es 2 is a solution of ([lj, by Theorem 13. 1[ in the following proof we 
only need to show that f3 is closed when F = a + a\(3 + e(3 2 /a is of scalar flag curvature in 
case of n > 3. 

Lemma 7.1 j3 is closed = = 0. 

Lemma 7.2 Ji<5) / For a scalar function c = c(x), there does not hold 

ctbk — syk = mod (s + c) 

for all k. 
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Now we begin our discussion. We will prove our results in two cases: a% ^ and a\ = 0. 



Case I: Assume a\ 7^ 0. 

We may assume a\ > 0. Multiply W l k = by 

(n 2 -l)(l-s 2 ) 4 (l + 26 2 -3s 2 ) 5 a 4 

and we get an equation which is denoted by 

Eqx : = 648(n - 2)(1 + s) 4 (l - s) 4 s 3 (ab k - sy k )y l [(s 2 - l)r M + 2(t»i + 2s)as ] 2 

+C l k (l + 2b 2 - 3s 2 ) = 0, (83) 

where C], can be written in the form p^|) . 

Lemma 7.3 Suppose 

(s 2 - l)r 00 +2(a x + 2s)as = mod (1 + 26 2 ~ 3s 2 ). (84) 

Then we have 

r 00 = ra 2 (l + 2b 2 - 3s 2 ), s = 0, (85) 
where r = t(:e) is a scalar function. 

Proof : Eq. (l85j) implies that there are /o, /i, /2 satisfying 

a 2 [(s 2 - l)roo + 2(ai + 2s)as Q ] = (f + ha + f 2 a 2 )a 2 {\ + 26 2 - 3s 2 ), 

which is equivalent to 

(2 fll s - fx - 2hb 2 )a z + 3fxf3 2 a = 0, 
-(1 + 2b 2 )f 2 a 4 + (4/3s - r 00 - /„ - 2b 2 f + 3f 2 /3 2 )a 2 + /3 2 (3/ + r 00 ) = 0. 
Now by the above two equations, we can easily show that (1551) holds. Q.E.D. 

Now we have (|55|) by (|53"|) . Lemma IT721 and Lemma [7751 Then by (|55|) we can obtain the 
expressions of the following quantities: 

r 00, fi, 1"™, r, r 00 |0, f0|0, r 00 |fc, ?"fcO|m ; ^fc|07 Sfc|m, tk, qkm, 9fc, &™90m, efc. 

For example, we have 

»"oo|o = (1 + 2b 2 - 3s 2 )T a 2 - 2s(l + 86 2 - 9s 2 )r 2 a 3 , n := r x i, 

and 

Sfc| m = 0, t k = 0, q km = r(l + 26 2 )s fcm , qoo = 0, <?fc = 0, 6 m g m = 0. 

Plug all the above quantities into (|53"|) and then multiplied by l/(l + 26 2 — 3s 2 ) 5 the equation 
(f53"|) can be written as 

£ 92 := D|(l - s) + 12(n + l)(a x + 2) 2 a 2 (a6 fc - rf^o = 0, (86) 

where can be written in the form (TK)1) . Similarly by (1561 we obtain 

too = 7(« 2 - I3 2 ), (87) 
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where 7 = j(x) is a scalar function. Then by ([57)1 we have 

ti =l(yi-!3bi), t2=l(n-b 2 ). (88) 

Plug (|H7]| and (JHSJ) into (JHSJ) and then multiplied by 1/(1 - s) the equation fl51| is written 
as 

Eq 3 = 0. (89) 

It follows from 

Eq3 = mod (1 — s) 

that 

3(n-l)s l oSfco + 7(a6fc-yfe)[(n -l)a6 l -(3 + 6 2 ) 2 / l ] =0 mod (1 - s). (90) 
The following lemma has been proved in [15] ■ Now we have proved that /? is closed. 

Lemma 7.4 Suppose 190\) holds for some scalar 7 = j(x). Then /3 is closed. 



Case II: Assume ai = 0. In this case, there are some different steps from that in Case I. 
Multiply W\ = by 

(n 2 -l)(l- S 2 ) 4 (l + 26 2 -3s 2 ) 5 a 4 

and firstly we get (|83[) with a\ = 0, and then we have ([54]) with a\ = 0. By a similar proof 
as that in Lemma 17.31 we obtain 

too = Ta 2 (l + 2b 2 -3s 2 ) + -^-^p So , (91) 

where r = t(x) is a scalar function. Likely, by ()91|) we can obtain the expressions of the 
following quantities: 

>"00) r i> r m> r > r oo|o, »"o|o, r 00 \ k , r k0 \m, r k \ , s k \ m , t k , q km , q k , b m q 0m , etc. 

Plug all the above quantities into (f83|) with a% — 0, and then multiplied by (1 — 6 2 ) 3 /(l + 
2b 2 — 3s 2 ) 5 the equation (|83|) with a\ — can be written as 

Dl(l- S )+48(n+l)(l-b 2 ) 2 a 2 (ab k -y k )y l [(l-b 2 )t Q o-s 2 ] =0, (92) 

where D l k can be written in the form (|T9| . Then by (|92j) we have 

(1 - 6 2 )i 00 - So = rnod (1 - s). (93) 

Now by (f93|) we easily get 

too=l(a 2 -(3 2 ) + T ^, (94) 
where 7 = 7(2;) is a scalar function. It follows from (|94l) that 

ifco -7(j/fc-/3M + r^, C = 7("-2& 2 ), t fc - (l-6 2 )7&fc, s m s m = -fo 2 (l-fo 2 ) 7 . (95) 
1 — cr 

Plug ([SU and (jnnj) into (J52J and then multiplied by 1/(1 - s 2 ) the equation (|52J) is written 
as 

A k {a 2 -p 2 ) + B l k = Q, (96) 
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where A\ and B\, are polynomials in (y l ). Contracting ([M]) by bib k we obtain 

Xa 2 - f3 2 [6(1 - 6 2 ) 3 7 /3 2 - 2(n 2 - 3n + 5)(1 - 6 2 )s 2 + X] = 0, (X := ~A{b l b k ), (97) 

By ([9"T]) , there is a scalar function £ = £(x) such that X = £/3 2 , and then plugging it into 
(j97|) yields 

C(a 2 -/3 2 )-6(l-6 2 ) 3 7/3 2 + 2(n 2 -3n + 5)(l-& 2 )s 2 = 0, (98) 
Z(ctij - bibj) - 6(1 - b 2 f^bib } + 2(n 2 - 3n + 5)(l - b 2 )s iSj = 0. (99) 

Summing (|99p over the indices i,j and using the expression of s m s m in (|95l) we obtain 

f(n - b 2 ) - 26 2 ((1 - 6 2 ) 2 (n 2 - in + 8 - 3fe 2 ) 7 = 0. (100) 

Contracting ([M]) by 6*6 J gives 

£ = 6& 2 (l-6 2 ) 2 7 . (101) 
Substitute ([TOT]) into ([TOO]) and we have 

2(n-2)(n-4)6 2 (l-6 2 ) 2 7 = 0. (102) 

(1) . If n 7^ 4, then by (|102[) we have 7 = 0. In this case, by 7 = and ([9"5]) we have 
so = and then by ([M]) we get <oo =0. Therefore, it shows j3 is closed by Lemma \7. II 

(2) . If n = 4, then plugging n = 4 and f|101[) into ([98]) shows 

(1 - 6 2 ) 7 (6 2 a 2 - /3 2 ) + 3s 2 = 0. (103) 

Clearly by ([1031) we have sq = 0,7 = 0, and then again by (|9~4l we get ioo = 0. Therefore, 
(3 is closed by Lemma 17.11 

Finally, we show ([T0| and ([TT[) . Since 0(s) = 1 + a\s + es 2 , we have k\ = 2e, &2 = 0, £3 = 
— 3e in ([6"0"[) - ([6"2"]) . So in this case, we may choose 



u = (1 - e& 2 ) 2 , v = 0, w= VI - e& 2 . (104) 
Then by (fT04[) . ([M |) . ([7l ]) and ([80[l we have 

2 _4(5 2 -/, c 2 ) - p 2 4(<5 2 - M c 2 ) 



M 2 ' 1 + ep 2 fi 2 + 4e(S 2 - nc 2 ) ' 



(105) 



where S is defined by (0} and S is a constant by Lemma [6.11 Now by (|104[) and (|105p we 
obtain ([TU|) from ([5]), and using (|104l) . (|105l) and fci = 2e, fc 2 = 0, fc 3 = — 3e, we first get A, r 
by © and then we obtain |TT|) from ([23]). Q.E.D. 

Remark 7.5 Under the choice ofu,v,w as in we can evaluate c and /3/a. Assume 

[i > and we on/?/ s/iow the case e = — 1. Note that F = a + ai/3/a — f3 2 /a is a (regular) 
Finsler metric if and only if b 2 < 1/2. So we have 

\ <l - p2 = TTb 2 ^ 1 - (106) 



By 1106]) we get 

2 , 2 M 2 - 4£ 2 + 4/zc 2 

5 < 1 - P = ~ ; 

3 /j, 



|<l-/= ^ <1 (107) 
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Then |-?07| ) shows 



Now by U0\) we obtain 



Remark 7.6 For the parameters k\, ki, kj, in (QJ) satisfying certain equations, F — a<p(/3/a) 
can be essentially considered as the metric in Theorem \l.S\ For example, if k\,k2,k^ satisfy 
j78\ ), then we get |7<5f ) which can be considered as a square metric if k > — 1/b 2 in |73| ). // 
&2 = (2fci +3fc3)(3fci +2fc3)/25, then F = a(f>(J3/a) can be a regular (a, (3) -metric in the form 
F = a ± f3 2 /a, where we define a :— \J a 2 + k/3 2 , (3 :— ef3 with k, e being constant satisfying 
k > —1/b 2 . A two-dimensional {a, [3) -metric F = a± /3 2 /a can be locally projectively flat 
with f3 being not closed (i20\/ ). 
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